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UNIT I — INTRODUCTION
Syllabus
Introduction to Digital Signal Processing: Discrete time signals & sequences, linear shift invariant systems,
stability, and causality. Linear constant coefficient difference equations. Frequency domain representation of
discrete time signals and systems.

Introduction
Signal

A signal is any physical quantity that carries information, and that varies with time, space, or any other
independent variable or variables. Mathematically, a signal is defined as a function of one or more independent
variables.

1 — Dimensional signals mostly have time as the independent variable. For example,
Eg., S1 () =201t

2 — Dimensional signals have two independent variables. For example, image is a 2 — D signal whose
independent variables are the two spatial coordinates (X,y)

Eg., Sz (t) = 3x + 2xy + 10y?

Video is a 3 — dimensional signal whose independent variables are the two spatial coordinates, (X,y) and time

(t).

Similarly, a 3 — D picture is also a 3 — D signal whose independent variables are the three spatial coordinates
(x,y,2).

Signals S (t) and S (t) belong to a class that are precisely defined by specifying the functional dependence on
the independent variables.

Natural signals like speech signal, ECG, EEG, images, videos, etc. belong to the class which cannot be
described functionally by mathematical expressions.

System
A system is a physical device that performs an operation on a signal. For example, natural signals are generated

by a system that responds to a stimulus or force.

For eg., speech signals are generated by forcing air through the vocal cords. Here, the vocal cord and the vocal
tract constitute the system (also called the vocal cavity). The air is the stimulus.

The stimulus along with the system is called a signal source.

An electronic filter is also a system. Here, the system performs an operation on the signal, which has the effect
of reducing the noise and interference from the desired information — bearing signal.

When the signal is passed through a system, the signal is said to have been processed.

Processing
The operation performed on the signal by the system is called Signal Processing. The system is characterized

by the type of operation that it performs on the signal. For example, if the operation is linear, the system is
called linear system, and so on.
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Digital Signal Processing

Digital Signal Processing of signals may consist of a number of mathematical operations as specified by a
software program, in which case, the program represents an implementation of the system in software.
Alternatively, digital processing of signals may also be performed by digital hardware (logic circuits). So, a
digital system can be implemented as a combination of digital hardware and software, each of which performs
its own set of specified operations.

Basic elements of a Digital Signal Processing System

Most of the signals encountered in real world are analog in nature .i.e., the signal value and the independent
variable take on values in a continuous range. Such signals may be processed directly by appropriate analog
systems, in which case, the processing is called analog signal processing. Here, both the input and output
signals are in analog form.

These analog signals can also be processed digitally, in which case, there is a need for an interface between the
analog signal and the Digital Signal Processor. This interface is called the Analog — to — Digital Converter
(ADC), whose output is a digital signal that is appropriate as an input to the digital processor.

In applications such as speech communications, that require the digital output of the digital signal processor to
be given to the user in analog form, another interface from digital domain to analog domain is required. This
interface is called the Digital — to — Analog Converter (DAC).

In applications like radar signal processing, the information extracted from the radar signal, such as the position
of the aircraft and its speed are required in digital format. So, there is no need for a DAC in this case.

Block Diagram Representation of Digital Signal Processing

( ) 4 D 4 N
Analog - to - Digital Digital - to -
analog input Digital Signal Analog Analog output
signal . Converter . Processor . Converter . signal
(ADC) (DSP) (DAC)
. J — \ J

Advantages of Digital Signal Processing over Analog Signal Processing

1. A digital programmable system allows flexibility in reconfiguring the digital signal processing
operations simply by changing the program.
Reconfiguration of an analog system usually implies a redesign of the hardware followed by testing and
verification.

2. Tolerances in analog circuit components and power supply make it extremely difficult to control the
accuracy of analog signal processor.
A digital signal processor provides better control of accuracy requirements in terms of word length,
floating — point versus fixed — point arithmetic, and similar factors.

3. Digital signals are easily stored on magnetic tapes and disks without deterioration or loss of signal

fidelity beyond that introduced in A/D conversion. So the signals become transportable and can be

processed offline.

Digital signal processing is cheaper than its analog counterpart.

Digital circuits are amenable for full integration. This is not possible for analog circuits because

inductances of respectable value (uH or mH) require large space to generate flux.

6. The same digital signal processor can be used to perform two operations by time multiplexing, since
digital signals are defined only at finite number of time instants.

SN
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same DSP processor is used for many filters.

Different parts of digital signal processor can work at different sampling rates.

8. Itis very difficult to perform precise mathematical operations on signals in analog form but these
operations can be routinely implemented on a digital computer using software.

9. Several filters need several boards in analog signal processing, whereas in digital signal processing,

Disadvantaqges of Digital Signal Processing over Analog Signal Processing

1. Digital signal processors have increased complexity.
2. Signals having extremely wide bandwidths require fast — sampling — rate ADCs. Hence the frequency
range of operation of DSPs is limited by the speed of ADC.

3. Inanalog signal processor, passive elements are used, which dissipate very less power.
In digital signal processor, active elements like transistors are used, which dissipate more power.

The above are some of the advantages and disadvantages of digital signal processing over analog signal

processing.

Discrete — time signals

A discrete time signal is a function of an independent variable that is an integer, and is represented by x [ n ],

where n represents the sample number (and not the time at which the sample occurs).

A discrete time signal is not defined at instants between two successive samples, or in other words, for non —
integer values of n. (But, it is not zero, if n is not an integer).

Discrete time signal representation

The different representations of a discrete time signal are

1. Graphical Representation

Graphical Representation

a

3 -

T

T

T T T

DT signal ¥{n]

r r r

2. Functional representation

3. Tabular representation

N -

-1 o 1 2
sample number n
1, forn=1,2
x[n] = { 4, forn =2
0, elsewhere

3

x[n] -

GVPW

DIGITAL SIGNAL PROCESSING

Page 4



4. Seguence representation

X[n]={-l-!_'-’_!010!l!4!l!O!O!-l-l-l-}
?
the above is a representation of a two — sided infinite duration sequence, and the symbol 4 indicates the time
origin (n = 0).
If the sequence is zero for n < 0, it can be represented as
X[n]:{1!41112!-1-1-1-}

Here the leftmost point in the sequence is assumed to be the time origin, and so the symbolf is optional in this
case.

A finite duration sequence can be represented as
x[n]={3, -1, 2? 0,4,-1}

This is referred to as a 7 — point sequence.

Elementary discrete time sequences

These are the basic sequences that appear often, and play an important role. Any arbitrary sequence can be
represented in terms of these elementary sequences.

1. Unit — Sample sequence It is denoted by 6 [ n ]. It is defined as

1,forn=0
0,forn #0

ot = |

It is also referred as discrete time impulse.

It is mathematically much less complicated than the continuous impulse 8 (t), which is zero everywhere
exceptatt=0. Att=0, itis defined in terms of its area (unit area), but not by its absolute value.

It is graphically represented as

d|n|

1
n

2. Unit step sequence
It is denoted by u [ n ] and defined as

_ (1, forn=0
uln] = {0,f0rn<0
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It is graphically represented as

3. Unit ramp sequence
It is denoted by U [ n ], and is defined as

u,[n] = {n,fornz 0

0,forn<O0
It is graphically represented as

4. Exponential sequence

It is defined as
x[n] = a™ foralln

a. Ifaisreal, x[n] is a real exponential.
a>1

x[n]

-~

HHTTTT'HHH

a<l

AT
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-1<ax<0

R RS R

BRRpRE

a<-1

SUSEEESRRE N
‘llllJl

b. _Ifais complex valued, then a can be expressed as a = rel, so that x[n] can be represented as

x[n] = rtein®
= r"[cosnb + jsinnb|

So, x [ n] is represented graphically by plotting the real part and imaginary parts separately as functions of n,
which are

xg[n] = r™ cosné

x;[n] = r"sinné
If r <1, the above two functions are damped cosine and sine functions, whose amplitude is a decaying
exponential.

L N )
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If r =1, then both the functions have fixed amplitude of unity.

thIIHI_I”ILIHII,I”h

If r > 1, then they are cosine and sine functions respectiVéIy, with exponentially growing amplitudes.

”
rd

i.nITTh.' Tl] |H
TIsee ) 1 I

-----

n

-

Alternatively, x [ n] can be represented by the amplitude and phase functions:
Amplitude function, A[n] = |x[n]| =r"

Phase function, @[n] = 2x[n] = no

For example, for r < 1, the amplitude function would be

x[n]

A

i ——

And the phase function would be
5

HMJHEUHTIHE -
TSR LS|

Although the phase function @[n] = n6 is a linear function of n, it is defined only over an interval of 2z (since
it is an angle).i.e., over an interval —n<6<m or 0<6<2x.

—5

GVPW DIGITAL SIGNAL PROCESSING Page 8



So we subtract multiples of 27 from @[n] before plotting .i.e., we plot @[n] modulo 2= instead of @[n]. This
results in a piecewise linear graph for the phase function, instead of a linear graph.

Classification of Discrete — Time Sequences:

1. Energy Signals and Power Signals

The energy of a signal x[n] is defined as

E= i |x[n]|?

n=-—w

If this energy is finite, i.e., 0 < E < oo, then x[n] is called an Energy Signal.

For signals having infinite energy, the average power can be calculated, which is defined as

1 N
Far = 0 N T 1 lex["]lz
n=-—

Ey, where

o e = N1

En = signal energy of x[n] over the finite interval -N <n <N, .i.e,,

E = lim Ey

N-oo

e For signals with finite energy .i.e., for Energy Signals, E is finite, thus resulting in zero average power.
So, for energy signals, Pay =0.

e Signals with infinite energy may have finite or infinite average power. If the average power is finite and
nonzero, such signals are called Power Signals.

e Signals with finite power have infinite energy.

e If both energy, E as well as average power, Pay Of a signal are infinite, then the signal is neither an
energy signal nor a power signal.

e Periodic signals have infinite energy. Their average power is equal to its average power over one period.

e A signal cannot both be an energy signal and a power signal.

e All practical signals are energy signals.

2. Periodic and aperiodic signals
A signal x[n] is periodic with period N if and only if
x[n+ N]=x[n]Vn
The smallest N for which the above relation holds is called the fundamental period.
If no finite value of N satisfies the above relation, the signal is said to be aperiodic or non — periodic.
The sum of M periodic Discrete — time sequences with periods N1, N2, ..., N, is always periodic with
period N where

N = LCM(Ny, N, ..., Nyy)

3. Even and Odd Signals
A real — valued discrete — time signal is called an Even Signal if it is identical with its reflection about
the origin .i.e., it must be symmetrical about the vertical axis.
x[n] = x[-n] vn
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A real — valued discrete — time signal is called an Odd Signal if it is antisymmetrical about the vertical
axis.
x[n] = —x[-n] Vn

From the above relation, it can be inferred that an odd signal must be zero at time origin, n = 0.

Every signal x[n] can be expressed as the sum of its even and odd components.
x[n] = xe[n] + x,[n]

Where
x[n] + x[-n]
xeln] = =22
x.[n] = x[n] _zx [-n]

e Product of even and odd sequences results in an odd sequence.
e Product of two odd sequences results in an even sequence.
e Product of two even sequences results in an even sequence.

4. Conjugate Symmetric and Conjugate Antisymmetric sequences
A complex discrete — time signal is conjugate — symmetric if
x[n] = x*[-n] Vn

And conjugate — antisymmetric if
x[n] = —x*[-n] vn

Any complex signal can be expressed as the sum of conjugate — symmetric and conjugate —
antisymmetric parts
x[n] = xcs[n] + xcq[n]

Where
x[n] + x*[—n]
xcs[n] = 2
And
x[n] — x*[—n]
xca[n] =

2

5. Bounded and Unbounded sequences
A discrete — time sequence x[n] is said to be bounded if each of its samples is of finite magnitude .i.e.,
|x[n]] < M, <0 Vn

For example,

The unit step sequence u[n] is a bounded sequence,
but the sequence nu[n] is an unbounded sequence.

6. Absolutely summable and square summable sequences
A discrete — time sequence x[n] is said to be absolutely summable if,

Z |x[n]] < o

n=—ow
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And it is said to be square summable if

z |x[n]|? <o (Energy Signal)

n=—ow

Discrete — Time Systems
A system accepts an input such as voltage, displacement, etc. and produces an output in response to this input.
A system can be viewed as a process that results in transforming input signals into output signals.

Discrete - Time Input Signal, Discrete - Time Discrete - Time Output signal,
x[n] System y[n]

A discrete — time system can be represented as

or,  y[n]= T {x[n]}

Discrete — Time System Properties
1. Linearity
A system is said to be linear if it satisfies superposition principle, which in turn is a combination of
additivity and homogeneity.
Additivity implies that
If the response of the DT system to x1[n] is y1[n], and the response to xz2[n] is y2[n], then
the response of the system to {x:[n]+xz[n]} must be {y:1[n]+y2[n]}.

Homogeneity implies that
if the response of a DT system to X[n] is y[n], then the response of the system to ax[n] must be ay[n],
where a is a constant.
Thus, for a DT system,
If

x[n] - y[n]
x1[n] - y[n]
and, xp[n] = y;[n]
Then according to additivity principle
x1[n] + x3[n] > y1[n] + y,[n]
And according to homogeneity principle
ax[n] — ay[n] (a = constant)

e Ifa=0,then the above relation implies that a zero input must result in a zero output.
Combining the above two principle to get superposition principle, we obtain
A system is Linear if it satisfies the following relation

axi[n] + bx,[n] = ay,[n] + by,[n] (a,b = constants)
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Time — Variant and Time — Invariant Systems
A system is time — invariant if its characteristics and behavior are fixed over time .i.e., a time — shift in
input signal causes an identical time — shift in output signal.
if x[n] - y[n]
then,x[n —ny] - y[n —ny] Vn,

If the above the relation is not satisfied, then the system is time — variant.

Causal and Non — causal Systems

A system is causal or non — anticipatory or physically realizable, if the output at any time no depends
only on present and past inputs (n < no), but not on future inputs.

In other words, if the inputs are equal upto some time no, the corresponding outputs must also be equal
upto that time no, for a causal system.

Stable and unstable systems
A stable system is one in which, a bounded input results in a response that does not diverge. Then the
system is said to be BIBO stable.
For a system, if the input is bounded .i.e,

if |x[n]l <My <o Vn
And if the corresponding output is also bounded .i.e.,

|y[n]l < My <0 Vn

Then the system is said to be BIBO stable.

Memory and memoryless systems

A system is said to possess memory, or is called a dynamic system, if its output depends on past or
future values of the input.

If the output of the system depends only on the present input, the system is said to be memoryless.

Invertible systems

A system is said to be invertible if by observing the output, we can determine its input. i.e., we can
construct an inverse system that when cascaded with the given system, yields an output equal to the
original input.

A system can have inverse if distinct inputs lead to distinct outputs.

Passive and lossless systems
A system is said to be passive if the output y[n] has at most the same energy as the input.

Z |x[n]|? < z ly[n]|? < o

n=-—oo n=-—oo

If the energy of the output is equal to the energy of the input, then the system is said to be lossless.

Properties of Unit Impulse Sequence

Multiplication property

When a sequence x[n] is multiplied by a unit impulse located at k i.e., 6[n-K], picks out a single value/sample of
X[n] at the location of the impulse i.e., X[K].

x[n]8[n — k] = x[k]S[n — k]
= impulse with strength x[k]located atn = k
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Sifting property

The impulse function §[n-k] “sifts” through the function x[n] and pulls out the value x[k]

Z x[n]6[n — k] = x[k]

Signal decomposition

Any arbitrary sequence X[n] can be expressed as a weighted sum of shifted impulses.

0

x[n] = x[k] 8[n — k]
kZoo

Impulse response

Impulse response of a discrete — time system is defined as the output/response of the system to unit impulse
input and is represented by h[n].

Dlscrete-Tlgr}?]]unltlmpulse, - DISCSrsltsi(e-rJIme - impulse response, h[n]

If for a system,

x[n] - y[n]
Then,
&[n] = h[n]
If the DT system satisfies the property of time — invariance, then,
8[n—k] = h[n — k]
In addition to being time — invariant, if the system also satisfies linearity (homogeneity and additivity), then,

Homogeneity:
x[k]8[n — k] = x[k]h[n — k]

i S[n—k] - i h[n — k]

k=—w k=—w

Additivity:

Combining the above two properties, a Linear Time — Invariant (LTI) System can be described by the input —
output relation by

o]

Z x[k]5[n — k] > Z x[k]h[n - k]

k=—oc0 k=—o

The Left hand side is the input x[n] expressed as a weighted sum of shifted impulses (from signal
decomposition property of impulse function). So, the right hand side must be the output y[n] of the DT system
in response to input x[n].
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Thus the output of a Linear Time — Invariant (L TI) system can be expressed as

ylnl = > xlklh[n - k]
k=—o

or,y[n] = x[n] * hn]

The above relation is called Convolution Sum.

. LTI System, tput,
input, X[n] - hﬁ;,s] em - y[n] :Oli[%lj * h[n]

So, the impulse response h[n] of an LTI DT system completely characterizes the system .i.e., a knowledge of
h[n] is sufficient to obtain the response of an LTI system to any arbitrary input x[n].

Properties of Convolution Sum

1. Commutative Property

x[n] = h[n] = h[n] * x[n]

x[n] = "] > x[n] *h[n] = h[n]—s{ xn) | hin] > x[n]

2. Associative Property

x[n] * {h1[n] * hy[n]} = {x[n]* hy[n]} * hy[n]

x[n] —» hy[n] ho[n] | ¥[n] = x[n] — hun]*ha[n] ty[n]

»

From this property it can be inferred that, a cascade combination of LTI systems can be replaced by a
single system whose impulse response is the convolution of the individual impulse responses.

3. Distributive Property

x[n] * {hy[n] + hy[n]} = {x[n] * hy[n]} + {x[n] * hy[n]}

hi[n]

x[n] — éa—» yIn]
ha[n]

X[n] —p hl[n] + hZ[n] —}y[n]

A 4

From this property, it can be inferred that, a parallel combination of LTI systems can be replaced by a
single system whose impulse response is the sum of individual responses.
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Relation between LTI system properties and impulse response

Memory

For an LTI system to be memoryless, the impulse response must be zero for nonzero sample positions.
hin] =0 forn #0
h[n] = k 6 [n] where k = constant
Causality
For an LTI system to be causal, its impulse response must be zero for negative time instants.
hin] =0 forn<0

So, for a causal LTI system the output (from the convolution sum equation) can be expressed as

y[nl = ) hlklx[n — k]

0
k=0

Stability
An LTI system is BIBO stable if its impulse response is absolutely summable.

i |h[K]| < oo

k=—w

Invertibility

An LTI system with impulse response h[n] is invertible if we can design another LTI system with
impulse response hi[n] such that

hin] * h[n] = 6 [n]

LTI systems characterized by Linear Constant — Coefficient Difference Equations (LCCDE)

In general, any LTI system with input x[n] and output y[n] can be described by an LCCDE as follows

N M
Zaky[n—k]zibkx[n—k] , a, =1
k=0 k=0
N M
or,y[n] = — Z ayln—kl+ ) bx[n—1]
k=1 1=0
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Where N is called the order of the difference equation/ system.

This equation expresses the output of an LTI system at time n in terms of present and past inputs and
past outputs.

Solution of LCCDE (Direct Solution — Solution in time domain)

Given an LCCDE, the goal is to determine the output y[n], n> 0 given a specific input x[n], n >0, and a
set of initial conditions.

The total solution of the LCCDE is assumed to be the sum of two parts:
Homogeneous/complementary solution, yn[n] and
Particular solution, yp[n]

Homogeneous Solution

The homogeneous difference equation is obtained by substituting input x[n]=0 in the LCCDE.

N

Zaky[n—k] =0-————- Eq.1

k=0
The solution to this homogeneous equation is assumed to be in the form of an exponential .i.e.,
yupln] =A"—————— Eq.2

Substituting Eg. 2 in Eg. 1, we obtain

N
Zak/ln‘k =0,a,=1
k=0
Expanding this equation
AH—N(AN + allN_l + ale_Z S ERRERRE + aN_1/1 + aN) = O

The polynomial in the parenthesis is called the characteristic polynomial of the system.
The characteristic equation is given by

AV 4+ a ANt 4 g AN 4 +ay_4A+ay=0
Its solution has N roots denoted by A1, A2, ..., An, Which can be real or complex.
Complex valued roots occur as complex conjugate pairs.

If some roots are identical, then we have multiple order roots.
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If all roots are distinct, then the general solution is given by
yulnl = A" + CoA," + oo + CyAy
Cy, Co, ..., Cn are weighting coefficients.
For multiple order roots, if A1 repeats m times, then the solution is given by
yulnl = CA™ + ConAy™ + Can?ay - o 4+ Cpt™ A"+ Crya o™ + Crpyads™ + - Cy A"

Particular solution

The particular solution must satisfy the LCCDE for the specific input signal x[n],n>0.

We assume a form for yp[n] that depends on the form of the input x[n] as follows

Input, x[n] Particular solution, yr[n]
Constant, A Constant, K

AM" KM"

AnM Kon™ + KinM1+. . +Kwm

AnM A(KonM+KinM1+ | +Kw)
A cos mon

_ K1 cos mon + Kz sin won
A sin mon

If the particular solution, yp [n] has the same form as the homogeneous solution y+ [n], we multiply
yp[n] with n or n? or n® so that it is different from yx[n].

Total solution y[n] = yu[n]+yr[n]

The total solution will contain {Ci}s from the homogeneous solution. They are determined by
substituting the given initial conditions in the total solution.

Freguency domain representation of discrete time signals

The concept of frequency is closely related to a specific type of periodic motion called harmonic oscillation,
which is described by sinusoidal functions. The CT and DT sinusoidal signals are characterized by the
following properties:

1. A continuous time sinusoid x(t) = cos (2xnfat) is periodic for any value of f.
But for DT sinusoid x[n]=cos(2xnfqn) to be periodic with period N (an integer), we require
cos(2nfyn) = cos[2nfy(n + N)]| = cos(2rfyn + 2nfyN)
This is possible only if

2nfyN = 2nk (k is an integer)
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Or

i.e., the discrete frequency fg must be a rational number (ratio of two integers).

Similarly, a discrete time exponential e°" is periodic only if % = f; = rational number.

The period is the denominator after % is simplified such that in % = % k and N are relatively prime.

2. A CT sinusoidal signal x(t) = cos(€2t) has a unique waveform for every value of Q, 0 < Q <o,
Increasing Q results in a sinusoidal signal of ever — increasing frequency.
But, for a DT sinusoidal signal cos (wn), considering two frequencies separated by an integer multiple of
21, (o and ® + 2tm, m is an integer), we have

cos[(w *+ 2mm)n] = cos(wn + 2mmn)
Since m and n are both integers
cos(wn + 2mmn) = cos(wn)

So, a DT sinusoidal sequence has unique waveform only for the values of ® over a range of 2. The
range —m < w < m defines the fundamental range of frequencies or principal range.

3. The highest rate of oscillation in a DT sinusoidal sequence is attained when =n or w= - 7 . the rate of
oscillation increases continually as o increases from 0 to m, then decreases as ® increases from = to 2.
So low — frequency DT sine waves have o near 0 or any even multiple of 7, while the high — frequency
sine waves have o near +  or other odd multiples of .

Frequency domain representation of discrete time systems

The frequency response function completely characterizes a linear time invariant system in the frequency
domain. Since, most signals can be expressed in Fourier domain as a weighted sum of harmonically related
exponentials, the response of an LTI system to this class of signals can be easily determined.

The response of any relaxed LTI system to an arbitrary input signal x[n] is given by the convolution sum

Here, the system is characterized in the time domain by its impulse response h[n]. to develop a frequency
domain characterization of the system, we excite the system with the complex exponential

x[n] = Ae/®" ,—o < n < o

Where A is the amplitude and o is any arbitrary frequency confined to the frequency interval [ - , © ]. By
substituting this in the above convolution sum, we obtain the response as
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ylnl = > hlk][4efmb)]

k=—o

> h(k)e‘f“”‘] efom
k=—o0

Here, the term inside the brackets is a function of frequency . It is the Fourier Transform of the impulse
response h[n], and is denoted by

=A

H(w) = Z h(k)e i@k

k=—o
And y[n] = AH(w) e/®™

Since the output differs from the input only by a constant multiplicative factor, the exponential input signal is
called the eigen function of the system, and the multiplicative factor is called the eigenvalue of the system.

H(w) is a complex valued function of the frequency variable .
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